Int. J. Heat Mass Transfer. Vol. §, pp. 59-65.

Pergamon Press 1962, Printed in Great Britain.

HEAT AND MASS TRANSFER OF CIRCULAR HOLLOW
CYLINDERS UNDER BOUNDARY CONDITIONS OF THE
SECOND KIND

SH. N, PLYAT
Institute of Energetics of the Academy of Science of the B.S.S.R., Minsk, B.S.S.R., USS.R.

(Received 26 July 1961)

Abstract—The paper deals with a general solution of an internal heat and mass transfer problem for an
infinite hollow cylinder under boundary conditions of the second kind.

NOMENCLATURE

t, temperature, °C;

u, moisture content, g moisture/g dry
matter;

r, radial co-ordinate, cm;

R, bounding surface radius, cm;

7, time, sec;

A, thermal conductivity coefficient, cal/cm
sdegC;

¢, specific heat capacity of moist body,
cal/g deg C;

yp» density of absolutely dry matter, g/cm?;

a, thermal diffusivity coefficient, cm?/s

A

(_ C’}’o) ’

k', moisture conductivity coefficient, cm?/s;

p, specific heat of evaporation, cal/g;

3, thermal gradient coefficient, 1/deg C;

, coefficient of moisture internal evapora-
tion;

heat flow on surface, cal/cm?s;

moisture flow on surface (drying inten-
sity), g/em? s;

J(x), Y, (x), Bessel functions of first and
second type.

q,
m’,

Dimensionless relations and criteria

R, ar , kKT
k——R—l FOl—R-?, FOI-——‘E,
k' 8
Luy=—, Fe= f—"i-—;
a [
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Rigos Rymy
K. — o 1
i Aty ’ K, k'youy’
U 5t
Ko' = P20 pp =0
Subscripts

0, initial state;
1, internal cylindrical surface;
2, external cylindrical surface.

AT PRESENT, analytical methods of solving in-
ternal heat and mass transfer problems are widely
used for developing technological processes for
drying materials. In many practically important
cases boundary problem conditions may be
given in the form of specific heat and moisture
flows dependent on time, known, for example,
on the basis of experimental data.

Problems of such a type for a sphere, plate
and solid infinite cylinder have been solved by
Prudnikov [1].

The present paper deals with a general solu-
tion of an internal heat and mass transfer
problem for an infinite hollow cylinder.

The problem is as follows: An infinite hollow
cylinder is given. The initial temperature and the
moisture distribution through its section are
functions of the radius. At 7 > 0 time depend-
ences of. specific heat and moisture flows on
internal and external cylindrical surfaces are
given.
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One should determine temperature and moisture fields in a body at any time .
For the zonal calculation method of the process, the heat and mass transfer equations after
Luikov [2] are:

Heat transfer differential equation:

8t (6% 1 ot

€p au
8 9lgr T, 3,.) + o (RSr <Ry (1.1)

Mass transfer differential equation:

u , [ 1 ou &t 1 ot
&k ('a7i+? 8r)+k8(8r2+r ar) 1.2)
Initial conditions:
1r, 0) = g(r), ulr, 0) = 4(r). 2
Boundary conditions:
Of(Ry, 7)1 1
8]2' = X q2(7)
IRy, 7) 1
a’l,. = ‘;\ql('r)
. L (3)
6u(R2, ) 18 at(RZs 7) ml(T)
or or kv
u(Ry, 7) 5 oH(Ry, 7) - my(7)
or + o k'yy J

Let us apply to the system (equations 1-3) the finite integral transformation determined by the
€xpression:

fi = j o0 W (4 ) dr @

with the inversion formula:

By dr 3O @Bk, £ r )
AR SN — A ——
=" o Tam Z ) — Tiker) 70 ( ) ®)
where
r r r

Wa (on ) = Yoo (in 1) = 3o (e ). ®

«wy, is the root of an equation:
Yi(wa)lilke,) — J{wn)Yalke,) =0 M
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Thus, the system of ordinary differential equations is obtained:
di, = oja. ep dif, le R *
ir - ‘1?3‘ I, +  dr + —= Wo(k‘-“n)%("') + 270 Wo(wn)‘h("'),
di, 2k’ 2k’8 kR @®
Wy - (JJ"
dr = "E’" Uy — “‘E_ tn — Wo(kw'n)mz("') - Wo(wn)ml('r)’
under the initial conditions
; By r _
tn(O) = j.Rl I‘¢(r)W0 (w,, —R:) dr = Pns
. ©)
12 = [ bW, (o0 ) ar =
uﬂ( R1 0 n Rl N J
After simple transformations the system (equations 8) is reduced to the form:
df, 1
P P = apt, 4+ ayiy + f[1(7),
> (8a)
da,
i = = Ay, + ayiln + f(7),
where:
w?k’ A
an = — R2 (Fe + )
_ wik ep
Qg = ~— R P
wik’
Ay = ~— ‘E‘ 8,
Wk’
Qg = — —E‘, T (10)
2R Jy(ws) 2R,
fi(r) = ~ rere ;:m%( ™) — oye o q1( )
2Riep  Jy(wy) , 2Ryep 1
were o) " gy @, M)
2R1 J]_(U)") ; 2R1 1 ,
S = p m my(7) -+ e @, m(7). ]
* For future calculations it is taken into account that:
3 2 Jy(wa)
Wolkewn) = = 20 Tikan)’
2

Wo(ws) = — —.

Wy
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The D’Alembert method is used for solving the linear system (equation 8) of non-uniform

differential equations of the first order with constant coefficients under the initial conditions of
equation (9).

As a result the system of two equations is obtained:
Iy + viitn = exp [(an + 7,271 {Gn + vithn
+ Jo LA + v (D] exp [—(an + viaa)rldr}, (G=1,2) (1D
where y; are the roots of an equation:
Ay + vazy = y(ay + yay)- (12)
From (12) it follows:

N (a3 — ay) + (—1) v/ [(@n — an)® + 4anay,] 13
2 2 7 (13)

The discriminant of equation (12) is:

D = — dapay — (@ — ay)* < 0.

Hence the roots of equations (12) are differential and real.
Let us transform the radicant:

wik’\? 1\2 4
(@22 — an)* + daypay = (age + a11)? — Hanay — a105) = (_E?—) [(1 -+ Fe + E) - HJ

v? :%{(1 + Fe +L1ié — \/[(1 + Fe + Llu-)2 —;&]}. (14)

The tables of values v,,_, ,, for the criterion Lu from 0 to 100, and for the criterion Fe from
0 to 1, are obtainable [2].

It is easy to see that:

and designate:

1/ 1

/

Taking into account equations (10-15), the system (equation 11) may be written as follows:

. 1 1 k' 1 1
tn—}—-s-(v}er—E)ﬁn:exp(—wZ R: v}) X{¢"+S(V?—Fe—m)lﬁn

(16)
g Ly g ] KT 2)d =12
| |50+ 5 (1~ Fe— ) A exp (w2 5 ) arp =1,
= sy [Prg XD (—2F0) — Py exp (—2F0D)], an
2 1
o = = ey [y oXD (—wF0(s}) — Lo exp (—w2F0D)], 18)

2
vy vy
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where:
Py = Sf re(r)W, (wn ) dr + ( — Fe — Ela) jRg ri(ryW, (w,n ]’;) dr — .27;% 5; )
j {2 JJ(,(:’”)) go(7) + - q;(fr) ( ) [ (E:'")) mifr) + ml('r)]} L (19)

’

k
xexp(wﬁ%v)d’r, (=12,

1Y [ 1 1y )
Ly = ( Vi * — Fe — E) J rp(r)W, (co,n ) dr + < (v,h — Fe — E) (vj — Fe — E})
B r 2R, 1 1 Jyw,) §
X j (W, (w,, E) dr — ?yi o (Vﬁ1 Fe — Lu) j {-C T(kay %) (20)

o () , , k'r
+ - Qx( ) — ( v — )[lek Ty ™ my(7y + m(7)| ; exp (% = V) dr.
The first term of inversion formula, equation (5), is:

{2 ry dr 2 R2 2
e =R | O — e | B0 e, @D

4

R T
mrtdr 2 Ra 2
e = T |, PO+ T |, B+ ] b

2ep (22)

Rlcy (ke ) J [kmy(z) + mi(n)] dr

From inversion formula, equation (5), on the basis of equations (17-20) the finite problem solution
is obtained:

2 (e 2 ”2
U= m J reﬁ(r) dr — R (k2 1) j {kma("') + ml(T)] dr + ; Ra( 2 ) 1
© (23)

2 w2k w ¥ s ,
X () i J:()kw ) W, (“’n E) X [Py eXp (—wiFov5) — Py €xp (— f Fop)l,
1 KWy

=1 J
2 Ra 2 7 2e
'= T j re(r) dr + & Rl =1 L [kgx(7) + qu(n)} d7 — }516;;(;?;}“__}“)“ 1
. , B 2 S ok r r(24)
Jo By + i) dr — B L, Fan) — 1tk 7 (07

X [Z g exp (—w2Fop?) — &,y exp (— wﬁFo;vf)].

*Atj=1j+ = 2istaken;atj= 2 j -+ = 1is taken.
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Let us assume that the specific heat and moisture flows on the internal and external cylinder sur-
faces, as well as the initial temperature and moisture distribution through its section, are constant*),
ie.
t(r, 0) = @(r) = 1y == const., u(r, 0) = y(r) = uy == const.,
gx(7) = qgo = comst., qy(7) = go = const.,
my(1) = my, = const., my(t) = m, = const.

Then
po_ 2B R[5 T )
nj = ;T—c;;_-ing Kyomm ¢ m)— o2
5 Jlw,) 25)
o Wy o .
+ E, Qm _ (Vj ) {J](}(wn) + z,n()}}‘L X [exp (w FO ) 1]’
gnj :‘E‘Pnj (26)
Hence we obtain:
Ug— U 2kmyy, + 1) ..,  KiPn Qoulr) Ki1, M (r) )
w1 Kot e~ T Tw it — 1)
_ KiIP n - [‘IozlJL(finLt-h(kwn)} (ko) W, (w r
Lu () w,[Ji(wn) — Fkwn)] R G
a=1
1 T
X {;5 exp (—awlFoprl) — — exp (—w?Fo; vi’)} + Ki] oy - (27)
3 _
S [li(n) + ko] o t -
o ) = Ty o) W (o %) [(1 - "’Lu) exp (—eFory)
#o==
1 2
— (1= ) e (—oiFolsL
I~y 2kq oz + 1) Z(km(m B 1) Qoerl(r) ]
T e KhFor— =T < KiKo'Fo; +Lu ikt — 1)
Kiy Mo, (r) Kil {qO‘ZlJl(wn) + Jilkwn)] r
T Tubn WAk —1) T Iu (v, =D L nlTion) — Tilen] Titken) W (“’” E)
1 Kii w
X [;g exp (—w? Foyl) — exp (~—w? Foyv )] + n I r (28)
S I i) + Ty(kw,)] r 1
X Z on D2 (en) — THkon)] Fi(kw,) Wy (a)n E) [(1 L ) exp (—w? Fovl)
ne=1
1 ! Fot
— e zLu) exp( w OV) . ]

* These conditions are fulfilled, for example, for radiation heating with a constant rate of drying.
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where the following ratios:
M, 9oz

4 -
Mygy = &Ta Goox = e
01 1

are used, as well as it being taken into account that:

< [Feei(wn) + Ji(kw,)] v Oulr)
T L o) — Tikagy] e Wo (w,. RZ) == 1
. ‘ (29)
L [Momt1(r K41 k* In k 1
Tk [ q0212+ (;{'—%m s ) +k(q021+k)( nl ln}%.._j)]’ J
Mo di(wn) + Jykes,)] F\ M)
-7 .-1—( Wy [J?(w'n) _ J?(kwn)] Jl(kw”) WO (wn }é;) = e _.~1 (30)

==l

1 km;2+1 b2 k2 -+ 1 k2ln k ¥ 1
ka[ 2 (‘ﬁ% z)“‘(”“w"’( 1"%"‘2)]'

;__Yw..ﬂ...,_..)
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N’-a

ApHoTamna—B paGore moayueno ofllee pelleHne BHYTpeHHell 3aTaUH TEMN0- 1 Maccoofmena
HEOTPaHNUYEHHOTO MONIOTO IUAMEAPA NPH IPAHNYHEIX YCJAOBHAX BTOPOIo poja.

Zusammenfassung—Es wird eine allgemeine Lisung angegeben fiir das Problem des inneren Wirme-
und Stoffitbergangs bei einem unendlich langen Hohlzylinder mit der Randbedingung zweiter Art.



